Fuzzy logic is a logical calculus which operates with many truth values (while classical logic works with the two values of true and false). Since fuzzy logic considers the truth of scientific statements like something softened, it is fruitfully applied to the study of biological phenomena, biology is indeed considered the field of complexity, uncertainty and vagueness. In this paper fuzzy logic is successfully applied to the clinical diagnosis of a patient who suffers from different diseases bound by a complex causal chain. In this work it is presented a mathematical foundation of fuzzy logic (with connectives and inference rules) and then the application of fuzzy reasoning to the study of a clinical case. Probabilistic logic is widely considered the unique logical calculus useful in clinical diagnosis, thus the usefulness of fuzzy logic and its relation with probabilistic logic is here explored. The presentation of the case is supplied with all the features necessary to affect a clinical diagnosis: physical exam, anamnesis and tests.
INTRODUCTION
In this work fuzzy logic was applied to clinical diagnosis. Fuzzy logic is a multi-valued logic, i.e. a logic which works with many (finite or infinite) truth-values. Differently from classical logic, which works with two truthvalues (true or false, 1 or 0), fuzzy logic allows for degrees of truth. Fuzzy logic considers the truth of scientific statements like something softened, then it is fruitfully applied to the study of biological phenomena because biology and medicine are considered the field of complexity, uncertainty and vagueness. Fuzzy logic emphasizes the precision of clinical data: it includes scalar quantities in the argumentations, providing conclusions which give partial truth in results. This means that fuzzy diagnosis, achieving the quantitative precision of clinical signs, symptoms and laboratory tests, is capable to show the vagueness of diagnostic argumentations. Classical logic derives from absolutely true premises absolutely true conclusions, but in the whole science the absolute truth is an illusion: human science always works with uncertainty. In medicine, and in particular in medical practice, this problem is quite evident. Fuzzy and probabilistic logic treats vagueness and uncertainty, but nowadays only probabilistic logic is employed in clinical diagnosis. The central aim of this work is to demonstrate that fuzzy diagnosis may be an improvement and a completion of probabilistic diagnosis. Fuzzy logic, differently from classical logic, not only shows the uncertainty in the argumentations, but also measures it; and, differently from probabilistic logic, treats a kind of uncertainty which probability does not consider. Many scholars are persuaded by the work of de Finetti [1] that only one kind of mathematical method is needed to treat uncertainty: probabilistic logic. If that was the case fuzzy logic would be not necessary. On the other hand, Kosko argues that probabilistic logic is a sub-theory of fuzzy logic, and that probability handles only one kind of uncertainty. He also claims to have proven a derivation of Bayes' theorem from the concept of fuzzy 'subsethood' [2] . Zadeh, the creator of fuzzy logic, argues that fuzzy logic is different in character from probability, and it is not a substitute of probabilistic logic. Which is the relation between fuzzy and probabilistic logic? The clinical diagnosis is a good field to look for the answer.
A lot of clinical phenomena, symptoms, signs and laboratory tests are quantitative; whether their quantity is wholly scalar, as in the case of lab test, or whether it is determinable only by linguistic adjectives, as in the case of symptoms, there is however a great advantage in the use of fuzzy logic. In the "Methods" section of this work it was furnished a mathematical-logic formulation of fuzzy logic and of fuzzy set theory. In the "Results" section fuzzy logic was applied to a real clinical case.
"elements" of the set. The elements of a set can also be sets. The term "set" is not defined: it is sufficient to give an intuitive exposition of set theory. Following a usual symbolization, the sets are denoted with capital letters A, B, X, Y, and the elements of the sets with miniscule letters a, b, x, y, To denote that a is an element of A, it is used
To denote that a is not an element of A, it is used
To denote that A is the set which has as elements a, b, c, it is used
Definition 1. For two sets A and B, if each element of A is an element of B, then A is a subset of B:
To denote that A is not a subset of B, it is used
Definition 2. For two sets A and B, A  B shall denote the set constituted by the elements which belong to A or to B. The set A  B is called the "union of A and B". An "indicator function" or a "characteristic function" is a function defined on a set X that indicates the membership of an element x in a subset A of X. The indicator function of a subset A of a set X is a function
Fuzzy Set
The fuzzy set theory is an extension of classical set theory. As the classical sets are used in classical two-valued logic, fuzzy sets are used in fuzzy logic. In classical set theory the membership of elements in relation to a set is assessed in binary terms according to a crisp condition: an element either belongs (1, true) or does not belong (0, false) to the set. By contrast, fuzzy set theory permits a gradual membership of the elements in relation to a set. This fact is described with the aid of a membership function μ→ [0, 1] . The membership function of a fuzzy set is a generalization of the indicator function of classical sets. In fuzzy logic, it represents the degree of truth as an extension of valuation. For any crisp set X, a membership function on X is any function from X to the real unit interval [0, 1] . Membership functions on a crisp set X represent fuzzy subsets of X. It is remarkable that fuzzy sets are defined as subsets of a classical set; this is the reason why the fuzzy set theory is considered an extension of classical set theory. The membership function representing a fuzzy set is usually denoted by μ Ã . For an element x of X, the value μ Ã (x) is called the membership degree of x to the fuzzy set Ã, which is a subset of X. The membership degree μ Ã (x) quantifies the grade of membership of the element x to the fuzzy set Ã. The value 0 means that x is not a member of the fuzzy set; the value 1 means that x is fully a member of the fuzzy set. The values between 0 and 1 characterize members which belong to the fuzzy set only partially. Figure 1 , the function μ Ã (x) of an element of the fuzzy subset Ã of X is represented by the curved line, while the function μ A (x) of an element of the crisp subset A of X is represented by the broken line. For A  X  Ã
Fuzzy Logic
Fuzzy logic, derived from fuzzy set theory, is an useful calculus which represents a reasoning that is approximate rather than precisely deduced as in classical predicate or propositional logic. It can be thought of as the application side of fuzzy set theory dealing with well thought out real world. Fuzzy logic admits set membership values to range (inclusively) between 0 and 1, and, in its linguistic form, admits imprecise concepts like "slightly", "enough", "very", "not completely" and so on.
Connectives
As the classical logic, but differently from probabilistic logic, fuzzy logic is truth-functional. The AND ( ), OR ( ), and NOT () operators of classical logic exist also in fuzzy logic; they are usually defined as the minimum, maximum, and complement. When they are defined in this way they are called "Zadeh operators", indeed they were first defined in Zadeh's original papers. The most important posed in the past for fuzzy logic, such as those of Sugeno [3] , Dubois and Prade [4] and Yager [5] . Each of these provides a way to vary the "gain" on the function so that it can be very restrictive or very permissive. Here I follow the Gödel T-norm (min) and Gödel T-conorm (max) as defined in Hajek [6] .
thing to understand about fuzzy logical reasoning is the fact that it is a superset of standard Boolean logic. If we keep the fuzzy values at their extremes of 1 (completely true), and 0 (completely false), the laws of classical logic will be valid. Consider, for example, the truth tables of classical logic (Figure 2 ).
Fuzzy Implication: If-Then Rules
Knowing that in fuzzy logic the truth of any sentence is a matter of degree, these truth tables must be defined through others connectives. Input values can be real numbers between 0 and 1. One function which will preserve the results of the AND truth table (for example) and also extend to all real numbers between 0 and 1 is the min operation. This operation resolves the sentence A AND B, where A and B are limited to the range (0, 1), by using the function min (A, B). Using the same reasoning, it is possible to replace the OR operation with the max function, so the sentence A OR B, where A and B are limited to the range (0, 1), becomes equivalent to max (A, B). Finally, the operation NOT A becomes equivalent to the operation 1  A. The truth function of negation has to be non-increasing (and assign 0 to 1 and vice versa); the function 1 − A (Łukasiewicz negation) is the best known candidate. Let's consider Figure  3 : the truth table in Figure 2 is completely unchanged by this substitution. If service is good then tip is average. The adjective good can be represented as a number between 0 and 1, thus the antecedent is an interpretation that gives a single number between 0 and 1. The adjective average is represented as a fuzzy set, and so the consequent is an assignment that assigns the entire fuzzy set B to the output variable y. In the If-Then rule, the word "is" is used in two entirely different ways depending on whether it appears in the antecedent or the consequent. In general, the input of an If-Then rule is the current value for the input variable (in this case, service), while the With these three functions it is possible to resolve any construction using fuzzy sets and the fuzzy logical operations AND, OR, and NOT. Clearly, it is only defined here one particular correspondence between two-valued and multi-valued logical operations for AND, OR, and NOT. This correspondence is not unique. Not only min and max but several kind of connectives have been pro- output is an entire fuzzy set (in this case, average). This set will later be "defuzzyfied", assigning a numerical value to the output. The defuzzyfication is the process of producing a numerical result in fuzzy logic. Typically, a fuzzy system will have a number of tables of conversion that transform some variables (scalar or linguistic) into numerical results: the result is described in terms of membership into fuzzy sets. Interpreting an If-Then rule involves distinct parts: first evaluating the antecedent (which involves fuzzyfying the input variable and then defuzzyfying it), second applying that result to the consequent (implication). In the case of two-valued or classical logic, If-Then rules don't present difficulty. If the premise is true, then the conclusion is true. If we relax the restrictions of two-valued logic and assume that the antecedent is a fuzzy statement, this shall reflect on the conclusion. If the antecedent is true to some degree of membership, then the consequent is also true to that same degree. In other words:
Classical logic p  q (p and q are either true or false) Fuzzy logic 0.5 p  0.5 q (partial antecedents provide partial implication)
The antecedent of a rule can have multiple parts, for example:
if sky is gray and wind is strong and barometer is falling, then...
All parts of the antecedent must be defuzzyfied, calculated simultaneously and resolved to a single number using the logical operators described in the preceding section. The consequent of a rule can also have multiple parts. For example:
if temperature is cold then hot water valve is open and cold water valve is closed.
The consequent is affected by the antecedent and all consequents are affected equally by the result of the antecedent. The consequent assigns a fuzzy set to the output, then the implication function modifies that fuzzy set to the degree specified by the antecedent. The If-Then rules which were used in the case report (Section 3) gave to (all parts of the) the consequent the same fuzzy value which was given to the antecedent. Using the If-Then rules is a four-part process: 1) Fuzzifycation of variables: Provide tables of conversion that transform some variables (scalar or linguistic) into fuzzy sets, the tables show that the degree of membership to the fuzzy set correspond to numerical values between 0 and 1 (0 and 100%).
2) Defuzzifycation: Resolve all fuzzy statements in the antecedent giving a precise degree of membership between 0 and 1 (0 and 100%) to each part. If there is only one part into the antecedent, this is the degree of support for the rule.
3) Apply fuzzy operators to multiple part antecedents: If there are multiple parts in the antecedent, apply fuzzy logic operators (connectives) and resolve the antecedent to a single number between 0 and 1. This is the degree of support for the rule. 4) Apply implication method: Use the degree of support for the entire rule to shape the output fuzzy set. The consequent of a fuzzy rule assigns an entire fuzzy set to the output. If the antecedent is only partially true, (i.e., is assigned a value less than 1), then the output fuzzy set is truncated according to the implication method.
The general structure of the If-Then rules, with their modifications with connectives, is: if p * p' then q * q' where * denotes the binary operations of conjunction and disjunction. The inference rule that was used in the case report (Section 3) to provide the If-Then statements is the generalized modus ponens (GMP), which has the form:
where p' is always a quantitative modification of p and q' is always a quantitative modification of q (through the degree of membership). This rule allows quantitative implications as
RESULTS: CASE REPORT
Maria C., a 67-years-old white woman, was admitted to our unit because of dyspnoea, fatigue, leg oedema and abdominal enlargement.
The patient was quite well until two weeks ago, when she complained of increasing weakness, abdominal enlargement and foot enlargement. Moreover, she felt increasingly tired and suffered breathing difficulties, in particular after physical activity or at the end of the day.
Physical exam: on admission the patient was pale and dyspnoeic at rest. On clinical examination the patient had leg oedema and ascites. Percussion of heart area estimate enlargement of heart size. Normal heart sounds with systolic heart murmur 3/6 Levine. Tachycardia and arrhythmias.
Thorax
Reduced chest expansibility during inspiration and expiration. An abolished fremitus on the right pulmonary base and a reduced fremitus on the other part of the right chest. The chest percussion reveals the absence of the "clear lung sound". On auscultation of the chest the normal breathing is impaired and is revealed the presence of rales on the right part of the chest and on the medium-basal left part of the chest.
Abdomen
The abdomen is taut, but no discomfort is elicited during palpation. The percussion of the abdomen reveals a dull sound about 2 centimetres below to the navel. Liver: enlargement liver: it can be palpated 3 centimetres below to the costal margin. Normal consistency, surface and tenderness. Spleen: normal Other Presence of legs oedema, with impressive oedema of the ankles.
Anamnesis:
The patient was born in Italy and she lived with her son;
She did not use alcohol or tobacco; Diagnosis of hypertension when she was in her 40s; Open-heart surgery, to repair a little atrial septal defect, when she was in her 50s;
Total hysterectomy for cancer when she was in her 53s; Diagnosis of diabetes mellitus when she was in her 55s;
Diagnosis of atrial fibrillation when she was in her 59s; The patient's current medications were metformin, digoxin and ramipril. 
Pre-test Hypotheses

Fuzzy Evaluation of Pre-test Hypotheses
Quantifying the "if" parts of the inferences (sings and symptoms), it is possible to obtain the quantification of "then" parts of the inferences (diagnosed diseases). This is the application of generalized modus ponens (GMP). In this step of diagnostic process the quantification of diagnosed diseases could seem premature, but the GMP is employed since now to show the increasing usefulness of fuzzy logic in the diagnosis progress. Let's rewrite the diagnostic hypotheses of Subsection 3. Table 9 . Fuzzyfication of Total bilirubin (j'). Table 10 . Fuzzyfication of Gamma GT (k'). 
Refused Hypotheses
On the basis of the first round of tests it is possible to eliminate some hypotheses among those considered in Subsection 3.2. The values of white blood cells, PCR, the thorax RX and the absence of fever permit to exclude the suspect of Pneumonia (w). The values of Creatinine, Urinalysis, 24h Proteinuria and Serum albumin permit to exclude the suspect of Nephrosic Syndrome (u). Thus it is possible to eliminate the following hypotheses, because the suspect of Congestive Heart Failure (y) shall be considered in other inferences:
3 
Supraventricular Arrhythmias Worsening or Myocardial Ischemia Hypothesis
Now it is possible to add the laboratory and instrumental data in the inference (5) of the diagnostic hypotheses considered in Subsection 3.2. 5) If 0,95 a and 0,75 c then 0,75 z or 0,75 x or 0,75 y Since it is well known that our patient suffered from Congestive Heart Failure, it is possible to eliminate, in this inference, the disjunction which regards the Congestive Heart Failure (y). Symptoms and signs permit to suspect a moderate Supraventricular Arrhythmias Worsening (z) or a moderate Myocardial Ischemia (x). Now it is possible to consider the following data to reach a more precise diagnosis:
Fuzzy value of CK Mb-Massa (1, 96 ng/ml) = 0,40 (e'); Fuzzy value of Troponin I (1, 96 ng/ml) = 0,45 (f'); Fuzzy value of Supraventricular Arrhythmias ECG = 0,90 (a'). 
Cirrhosis Hypothesis
According with inference (6) 
Other Findings
The echocardiographic findings permit to confirm the Congestive Heart Failure with Congestive Hepatopathy and to establish a plausible pathophysiologic link between these two diseases. Fuzzy value of EF 42 % = 0,60 (k'') confirms our diagnosis of Congestive Heart Failure, moreover all echocardiographic findings permit to affirm that the Congestive Heart Failure of our patient is a Global Congestive Heart Failure. Now it is possible to consider the following data to obtain a more precise diagnosis:
Fuzzy value of Right sections enlargement = 0,90 (l'') and Enlarged inferior cava vein with poor respiratory modulation = 0,80 (o''). The following inference will be valid: 7) If 0,90 l'' and 0,80 o'' then 0,80 y C 0,80 z' Where C indicates the causal relation between Congestive Heart Failure (y) and Congestive Hepatopathy (z').
Final diagnosis Maria C., affected by diabetes mellitus, Hypertension and Atrial fibrillation, was admitted to our unit because of dyspnoea, fatigue, leg oedema and abdominal enlargement.
She suffers from the following diseases: 1) A moderate-severe (0,80) Global Congestive Heart Failure;
2) A severe (0,90) Worsening of the Supraventricular Arrhythmia (Atrial Flutter);
3) A moderate-severe (0,80) Congestive Hepatopathy; 4) A causal relation between Congestive Heart Failure and Congestive Hepatopathy.
A moderate-severe (0,80) Congestive Heart Failure (CHF) is a condition in which the heart can no longer pump enough blood to the rest of the body. It is almost always a chronic, long-term condition, although it can sometimes develop suddenly. In our case, probably, the decompensed CHF (0,80) was caused by the onset worsening of the Supraventricular Arrhythmia (0,90). With heart failure, many organs don't receive enough oxygen and nutrients, which damages them and reduces their ability to function properly. Decompensed right ventricular or global Heart Failure (0,80) causes transmission of elevated central venous pressures directly to the liver; venous congestion impedes efficient drainage of sinusoidal blood flow and sinusoidal stasis results in accumulation of deoxygenated blood and, ultimately, in a moderate-severe (0,80) Congestive Hepatopathy and cardiac cirrhosis. As the heart's pumping action is lost (as in our case), blood may go back up into other areas of the body, including: the liver (0,80 Congestive Hepatopathy), the gastrointestinal tract (0,75 Ascites) the extremities (0,70 leg oedema) and the lungs (0,95 Dyspnoea, 0,60 Pleural Effusion and 0,80 Pulmonary Congestion Signs).
CONCLUSIONS
Is fuzzy logic an improvement of probabilistic logic for clinical diagnosis? In what sense is it an improvement? The success of fuzzy diagnosis in its application to a real clinical case shows that fuzzy diagnosis is an improvement of probabilistic logic. The accuracy of final diagnosis, with pathophysiological explanation within the description of the causes, of sings and of symptoms, is a proof that fuzzy logic describes the pathological phenomena with a precision that probabilistic diagnosis cannot reach. Nevertheless, fuzzy diagnosis seems to be impossible without the contribution of probabilistic reasoning. Indeed the physician, in the differential diagnosis, chooses the hypotheses to follow on the basis of probability. The differential diagnoses of Subsection 3.1 obtain their precision with the quantitative inferences of fuzzy logic, but the preference of some diseases more than others, is probabilistic. Finally, it is now possible to answer to the question on the relation between probabilistic and fuzzy logic in the diagnostic algorithm. At the beginning of diagnosis, on the basis of signs, symptoms and anamnesis, a probabilistic reasoning must lead the research, while, in the progress of diagnosis, the more and
